We outline the current state of knowledge regarding geometric inequalities of systolic type, and prove new results, including systolic freedom in dimension 4. Namely, every compact, orientable, smooth 4-manifold X admits metrics of arbitrarily small volume such that every orientable, immersed surface of smaller than unit area is necessarily null-homologous in X. In other words, orientable 4-manifolds are 2-systolically free. More generally, let m ~ 2 be an even integer, and let n > m. Then all manifolds of dimension n are m-systolically free (modulo torsion) if all k-skeleta, m + 1 :::; k :::; n, of the loop space n(sm+l) are m-systolically free. Theorem 2.3 and [11]).
Introduction
Our purpose here is both to present new results and to outline the current state of knowledge regarding geometric inequalities of systolic type. One of the new results (proved in §8) is the following. THEOREM 1.1. Every compact, orientable, smooth 4-manifold X admits metrics of arbitrarily small volume such that every orientable, immersed surface of smaller than unit area is necessarily null-homologous in X.
In other words, orientable 4-manifolds are 2-systolically free. A precise definition of systolic freedom will be given in §3. Roughly speaking, a k-systole of a Riemannian manifold (X, g) is the least volume of a non-trivial k-cycle in (X, g). To say that X is k-systolically free means that the volume of g imposes no upper bound upon the k-systole. One can view this result as a way of producing metrics for which the systole and the mass in the middle dimension do not agree ( cf. REMARK 1.2. Consider sufficiently small perturbations g of the Fubini-Study metric go on CJP> 2 , scaled to the same volume as g0 . M. Gromov proved in [13] (Corollary, p. 309) that one can always find embedded 2-spheres, homologous to the projective line CJP> 1 C CJP> 2 , of g-area no greater than that of CJP> 1 for the g 0 metric. On the other hand, our Theorem 1.1 shows that there may be no such spheres if we go far away from the Fubini-Study metric in the space of Riemannian metrics on CJP> 2 . We see that here local and global diverge. REMARK 1.3. The conclusion of the theorem may well be as strong as possible, in the sense that non-orientable surfaces of small area (constrained by the volume of the ambient manifold) may always be present. M. Freedman [10] raised the question of what happens with the systoles defined using homology with Z2-coefficients. Gromov [16] conjectures that the systolic inequalities are true in this case, i.e., our theorem above on systolic freedom has no Z2-analogue. As the example in Remark A. 4 illustrates, Z2-cycles may have asymptotically smaller area growth than Z-cycles, supporting the conjecture that volume is a constraint upon the Z2-systoles. The exact boundaries between freedom and constraint are yet to be described.
In the 4-dimensional case, we reduce the mod 2 problem to CJP> 2 and 8 2 x 8 2 , in the following sense. THEOREM 1.4. All compact, orientable, smooth 4-manifolds are 2-systolically free over Z2 if and only if 8 2 x 8 2 and CJP> 2 are 2-systolically free over Z2.
Our Theorem 1.1 permits the following generalization of the results obtained by the authors in collaboration with I. Babenko in [3] . THEOREM 1.5. Every compact, smooth manifold of dimension n = 2m 2: 4 admits metrics of arbitrarily small n-dimensional volume such that every orientable, immersed middle-dimensional submanifold of smaller than unit m-volume represents a torsion class in m-dimensional homology with integer coefficients.
In other words, 2m-dimensional manifolds are m-systolically free (modulo torsion). The term 'systolic freedom (modulo torsion)' is also explained in §3. For manifolds of dimension larger than 2m, we prove the following. THEOREM 1.6. Let m 2: 2 be an even integer, and let n > m. Then all manifolds of dimension n are m-systolically free (modulo torsion) if all k-skeleta, m + 1 :::; k :::; n, of the based loop space O(sm+l) are m-systolically free.
The paper is organized as follows. In §2, we define systoles and give representative proofs of inequalities exhibiting constraint imposed by the volume (of the ambient manifold) on them. In §3, we explain the first example of systolic freedom (i.e., the absence of such constraint), due toM. Gromov, and give related definitions and historical comments. In §4, we prove Theorem 1.6. In §5, we introduce a 'carving-up' technique, with the goal of reducing the problem to the case when the middle Betti number is at most 2. In §6, we prove Theorem 1.5. In §7 we introduce a morphism, weaker than a continuous map, suitable for pulling back systolic freedom. In §8, we prove Theorem 1.1 and Theorem 1.4. In §9, we prove a refinement of Theorem 1.6 for the the 2-systole. In §10, we establish the freedom of odd-dimensional systoles.
The paper concludes with 5 appendices. In Appendix A, we describe the techniques used in proving systolic freedom in the context of a pair of distinct complementary dimensions. In Appendix B, we prove a workhorse lemma, which allows us to propagate systolic freedom. In Appendix C, we prove a lemma (used in paragraph 7.2) on surgeries along curves in 4-manifolds. In Appendix D, we use the technique of spinning to identify explicitly the result of a useful surgery. In Appendix E, we recall the necessary material on Whitehead products and Hilton's theorem on homotopy groups of bouquets of spheres. where L is the length of the curve and A is the area of the region it bounds. This classical isoperimetric inequality is sharp insofar as equality is attained only by a round circle.
Isoperimetric inequalities and stable systoles

Loewner's theorem.
In the 1950's, C. Loewner and P. Pu proved the following two theorems.
Let IRIP' 2 be the real projective plane endowed with an arbitrary metric, i.e., an embedding in some !Rn. Then
where A is its total area and L is the length of its shortest non-contractible loop. This isosystolic inequality is also sharp, to the extent that equality is attained only for a constant curvature metric (quotient of a round sphere).
Similarly, every metric torus T 2 = IR 2 /71} satisfies the sharp inequality L2 < 2A
where L is the length of its shortest non-contractible loop, and A is the area.
What is a systole?
In the 1970's, Marcel Berger initiated the study of a new Riemannian invariant, which eventually came to be called the systole. DEFINITION 2.1. The (homology) 1-systole of a Riemannian manifold (X, g) is the quantity
where the infimum is taken over all closed curves £ in X which are not homologous to zero.
A similar homotopy invariant, 1r-sys 1 , is obtained by minimizing lengths of non-contractible curves. These two invariants obviously coincide for JRIP' 2 , T 2 , and any manifold with abelian fundamental group. 
PROOF. A conformal representation ¢ : To
where To is flat, may be chosen in such a way that T and T0 have the same area. Let f be the conformal factor of¢.
Let £o be any closed geodesic in To. Let Us} be the family of geodesics parallel to £0 , see Figure 1 . Parametrize the family Us} by a circle S 1 of length a so that a£o = area(To). Then area(T) = fro Jacq, = fro j2. By Fubini's theorem, area(T) = fs 1 ds fe. j2dt. By the Cauchy-Schwartz inequality, 1 Ue fdt) 2 
Hence there is an so such that area(T) ~ £; length¢( fs 0 ) 2 , i.e., length¢(£s 0 ) :=:; fo.
This reduces the proof to the flat case. Given a lattice in C, we choose a shortest lattice vector L1, as well as a shortest one L2 not proportional to L1. The inequality is now obvious from the geometry of the standard fundamental domain in C. 0 THEOREM 2.3 ( Gromov [12] ). Let xn be a compact, orientable, smooth manifold of dimension n. Let n-sys 1 (g) be the length of the shortest non-contractible loop for the metric g on X. Then the inequality (1) (n-sys 1 (g))n :::; Const · vol(g) holds for a positive constant Const independent of the metric, if an only if the inclusion of X in an Eilenberg-MacLane space K = K(n1(X), 1) retracts to the (n-1)-skeleton of K. For manifolds satisfying (1) , moreover, the constant Const = Constn depends only on n = dim X.
The converse of this theorem was clarified by I.
where similar techniques are used). Note that the class of manifolds satisfying inequality (1) includes aspherical manifolds, as well as real projective spaces.
Higher systolic invariants.
Let X be a finite n-dimensional simplicial complex endowed with a piecewise smooth metric g. Let k 'S n.
where the infimum is taken over all piecewise smooth cycles M representing the class a. Here the volume of a (smooth) singular simplex is that of the pullback of the quadratic form g to the simplex, and we take absolute values of the coefficients to obtain the volume of the cycle. Also define a 'stable norm' by
Clearly, we have 1\a\\s 'S 1\a\1. DEFINITION 2.5 . We define the following three systolic invariants for the metric g on X:
(a) The ordinary systole Evidently, we have stabsysk (g) -::; sysk' (g).
Calibration and stable systolic inequalities.
Higher systolic invariants can sometimes also be constrained by the volume. Such constraint is illustrated by the following theorem. Another example (also due to Gromov) of a stable systolic inequality is the following. Let X= SP x Sq endowed with an arbitrary metric g. Then stabsysP (g) · stabsysq (g) ::::; volp+q (g). J. Hebda proved further results of this type in the 1980's.
Our objective is to show that in general, k-systoles are not constrained by the volume, unlike the above theorems for T 2 , JRIP' 2 , and stabsys 2 ( ICIP'n). The question was asked again in an IHES preprint in 1992 (which ultimately appeared as [14] ). Shortly afterwards, Gromov described the first example of systolic freedom, i.e., the violation of the systolic inequalities (see paragraph 3.2). The educated guess today is that, if one uses integer coefficients, systolic freedom predominates as soon as one is dealing with a k-systole fork~ 2 (but see Remark 1.3).
History and definitions
Gromov's example.
Gromov described metrics on S 1 X S 3 which provided an unexpected negative answer to the question 3.1. He stated it in global Riemannian terms. We provide a reformulation in terms of differential forms, which lends itself easier to generalization.
Let b = J(dr)irs3 be the contact 1-form on S 3 , where S 3 c IC 2 is the unit sphere, J is rotation by 1r /2 furnished by the complex structure, dr is the 1-form on IC 2 \ { 0}, defined by the radial coordinate r.
Complete b to an orthonormal basis {b, b', b"} of T* S 3 , which is canonically identified with TS 3 by means of the standard unit sphere metric.
Let S 1 be the unit circle parametrized by eiz, where z is real. The standard 1-form dz is the arc-length. Gromov's sequence of left-invariant metrics, {gj }~1 , on S 1 X S 3 is defined by the following quadratic forms:
The essential ingredient here is the matrix
The coefficient 1 + j 2 ultimately determines the 3-systole, the coefficient 1 determines the 1-systole, and the determinant of the matrix determines the volume of g 1 . Then we obtain vol(gj) ----,-----:-.:.=..::..'-----:---,--------+ 0.
See Appendix A for a 'local' version of this example, suitable for generalization. DEFINITION where the infimum is taken over all piecewise smooth metrics g on a simplicial complex X' in the homotopy type of X. REMARK 3.3. That every finite CW-complex X is homotopy equivalent to a finite simplicial complex X' is well-known, see [21] . That the definition does not depend on the choice of X' follows from Corollary 7.11 below. The systolic freedom of X is equivalent to the existence of an m-free sequence of metrics, {gj}, on X':
inf voln(g).r;;-= 0. 9 sys~(g) Theorem 1.4 in the Introduction uses the following terminology in the context of coefficients modulo 2. DEFINITION 3.5. Let X be a compact, smooth manifold of dimension n. Consider m-cycles with Z2-coefficients, e.g., maps of manifolds (orientable or not) into X, which represent non-trivial classes in Hm(X; Z2), and calculate them-volume of the pullback metric. Define Z2-sysm(X) to be the infimum of all such volumes. We say that X is m-systolically free over Z2 if inf voln(g).r;;-= 0. 9 Z2-sysm (g)
Reduction to loop space
For even m, we reduce the systolic problem to spaces each of whose Betti numbers is at most 1. More specifically, we show that the systolic m-freedom of n-manifolds (modulo torsion) reduces to that of certain skeleta of loop spaces of spheres. Thus, whether or not there exists an analogue of Gromov's Theorem 2.3 for the higher systoles, depends on the loop space in question.
Our proof of Theorem 1.6 in the Introduction is modeled on the proof of Lemma 4.2 below. PROOF. We continue with the notation of the proof of Lemma 4.2. We thus have a map hm-1 : Xl 2 rn-l) --+ vbsm. Let e = [Sm] be the fundamental class of the sphere. Recall that the Whitehead product [e,e] E 7r2m_ 1 (Sm) generates precisely the kernel of the suspension homomorphism. Suspension commutes with ¢q· Hence, if q is a multiple of the order of the stable group 7rzm(srn+l), then (¢q).(7rzm--1 (Sm)) is contained in the subgroup generated by Whitehead products.
As shown by J.-P. Serre [24] , all homotopy groups of L are finite, except 7rm (here we need m even). Let q be the product of the orders of the homotopy groups of L from m + 1 up to dimension n. Let ' 1/J : L --+ L be the map that sends a loop w to wq. Since the usual group structure on 7r; (L) coincides with the one coming from the multiplication of loops in L, the map ' 1/1 induces multiplication by q in each homotopy group of L. Thus, 'lj; = 0 on 1ri(L), for rn + 1 :S: i :S: n. Now let X be an n-manifold, and let b = bm(X). Let Lxb be the Cartesian product of b copies of L. With respect to a suitable cell structure, the rn-skeleton of LX b is a bouquet vb sm of b copies of srn. By Lemma 4.1' the ( rn + 1 )-skeleton of X admits a map fm+l to them-skeleton of Lxb which induces rational isomorphism in rn-dimensional homology.
We now proceed as in the proof of Lemma 4.2, with the bouquet of spheres replaced by L x b. By induction, the map ' 
for all k from m + 1 to n. In this fashion, we obtain a map f : X --+ Lxb such that f. : Hm(X; Q) --+ Hrn(Lxb; Q) is an isomorphism. By the pull-back Lemma B.2, the freedom of X follows from that of Lxb. It remains to reduce the freedom of L x 6 to that of L itself. A well-known result of I. James (see [28] ), states that L has, up to homotopy, a cell decomposition
with precisely one cell in each dimension divisible by rn. Therefore, we may proceed as in §5, and carve up the n-skeleton of L x 6 , reducing the problem to the freedom of the closures of n-dimensional cells of L. Each such closure is a product of skeleta of L. Therefore, Theorem 1.6 results from the following lemma. D Then the product of an (m -1)-connected, msystolically free complex with sm is again m-free. Furthermore, the product of (m-1)-connected, m-systolically free complexes is again m-free.
PROOF. Given m-free families of metrics on each factor, we scale them to unit m-systole. We also scale them-sphere to unit m-volume. The product metrics then form m-free families. D
Carving-up procedure
The procedure in question is helpful in breaking up the problem of systolic freedom of complicated spaces into simpler components. We introduce it here as a way of streamlining the arguments of [3], where the authors, in collaboration with I. Babenko, proved the middle-dimensional systolic freedom of even-dimensional manifolds of dimension n =2m2: 6 with free Hm(X, Z).
Let K be ann-dimensional CW-complex with no cells in dimension n -1. The carving-up procedure consists of inserting a cylinder between each n-dimensional cell and its boundary. The new complex K' has the following three properties.
1. K' has the same homotopy type asK.
2. K' has the same number of top-dimensional cells ei asK.
3. The closures ei of all top-dimensional cells in K' are disjoint.
Assume for the sake of simplicity that the image of each attaching map fi : 8Dn ____. K(n- 2) of ei is a subcomplex (i.e., there are no partly covered cells in the (n-2)-skeleton). Let
be the boundary of the ith top-dimensional cell. The procedure of inserting cylinders in K is formalized as follows:
Here K(n-2 ) is the (n -2)-skeleton, and the extremities of the ith cylinder are attached along the inclusion maps g? : ai X {0} ____. K(n-2 )' and gi 1 :
The repeated upper and lower index i indicates that the procedure is repeated for each top-dimensional cell, as in Einstein notation. Thus, we insert as many cylinders as there are top-dimensional cells, to obtain K'. LEMMA 
Let K be an n-dimensional CW-complex with no cells in dimension n-1. Then the systolic q-freedom of K reduces to that of the closures of its top-dimensional cells.
PROOF. We replace K by K' as above. To make sure that areas and volumes are well-defined, we replace each ()i by a simplicial complex of the same dimension and in the same homotopy type. Then the positive codimension condition is satisfied. We also replace each cell closure by a simplicial complex in the same homotopy type so as to extend the simplicial structure on ()i. We make a similar replacement for K(n-2 ), obtaining a simplicial complex K".
We apply to K" the long cylinder argument in the proof of Lemma B.1 and Lemma B.4. The key tools here are the isoperimetric inequality and the coarea inequality, applied to ()i x [0, 1], where the metric on the interval is chosen sufficiently long, to minimize interaction between opposite extremes of the cylinder. D 
Middle-dimensional freedom
We now establish systolic freedom (modulo torsion) in the middle dimension, as stated in Theorem 1.5. In fact, we show that the theorem is valid in the more general case of triangulable spaces with piecewise smooth metrics, for which of course areas and volumes can still be defined.
In Hilton's theorem E.l allow us to map X to a kind of a first-order approximation to the 2m-skeleton of the Eilenberg-MacLane space K(7!}, m). This approximation has the same rational homology and contains the minimal number of 2m-dimensional cells. The carving-up procedure of §5 reduces the problem to the freedom of the closures of these cells, each with middle Betti number at most 2. An additional pull-back reduces the problem to the freedom of sm X sm 0 Finally, the latter is reduced to the (1, m)-freedom of S 1 X sm ( cf. Appendix A). sm-1 of volume equal to sysm(g;) we obtain an m-free sequence of metrics on sys 1 (gj) ' For 8-manifolds, we continue by choosing a disjoint family of embedded 3spheres (whose normal bundles are automatically trivial) which represent generators for 3-dimensional homology, and argue as before, reducing the problem to the 3connected case. D
Proof of
8 1 X sm-1 X sm.
Meromorphic maps
Here we develop a convenient language for establishing the 2-systolic freedom of orientable 4-manifolds. We define a morphism, weaker than a continuous map, suitable for pulling back systolic freedom. Our technique is introduced most provocatively by means of the following question. QuESTION 
What do meromorphic maps and surgeries have in common?
The answer is, roughly speaking, as follows (see Example 7.4 and Lemma 7.5): both of them carry an underlying structure, crystallized in the concept of a 'topological meromorphic map' below.
'Topological meromorphic maps'.
Here we attempt to define a morphism, weaker than a continuous map, suitable for pulling back systolic freedom. Such morphisms could also be called 'topological blow-up maps' or 'topological rational maps'. License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms REMARK 7.3. We do not require the inclusion Y ----) W to induce an epimorphism in middle-dimensional homology. EXAMPLE 7.4. Let X be a complex manifold of (complex) dimension m, let X----) X be the blow-up at a point p EX, and let¢: X ----)X be the classical meromorphic map (undefined at p). Form= 2, set W = XUD 3 , where the 3-cell is attached along the exceptional curve S 2 . Then ¢ can be modified in a neighborhood D 4 of psoas to lift a continuous map f: X----) W (a homotopy equivalence). Here we take the cone D 4 ----) D 3 of the Hopf fibration S 3 ----) S 2 . More precisely, the Hopf fibration extends to a continuous map whose restriction to the complement of D 4 in X is a diffeomorphism onto the complement of S 2 in X, while D 4 is mapped to D 3 as described. For general m we have a continuous map X----) XUCone(CJP>m-l).
Surgery and meromorphic maps.
We now show that, under certain homological conditions, surgeries along curves yield meromorphic maps between 4-manifolds. PROOF. Since X is orientable, the normal disk bundle of C is trivializable. Over each component of C, there are two possible trivializations (or, framings), corresponding to 7r1 (S0(3)) = Z2 . The framing (which is part of the surgery data) identifies the normal disk bundle with C x D 3 . By definition,
where Ui Df is a disjoint union of 2-disks (one for each connected component Ci of C). Let Z = X x I U Ui Df x D 3 be the result of attaching a handle of index 2 to X along each component of C, according to the given framing. Then Z is the cobordism between X andY determined by the surgery, see J. Milnor [22] . Now let W = XU Ui Df be the mapping cone of the inclusion C c X. In other words, Hl is the CW-complex obtained from X by attaching the cores of the handles.
Clearly, the inclusion of X in W induces a monomorphism in 2-dimensional homology. Moreover, W is a deformation-retract of Z, see [22] . Figure 2 depicts the various spaces introduced so far.
\Ve have an inclusion i : X c Z, as well as a homotopy equivalence Z c::-Y U e 3 . This gives a map X ----) Y U e 3 , which satisfies condition (b) in Definition 7.2 of injectivity in 2-dimensional homology, since Z is homotopy equivalent to W. D COROLLARY 7.6. An orientable 4-manifold admits a meromorphic map to a simply connected one.
PROOF. Let C c X be the union of a family of disjoint embedded closed curves representing a set of generators for the fundamental group. Surgery on X along C produces a simply-connected manifold Y, and we apply Lemma 7.5. D
Of particular interest to us ( cf. Corollary 7.9) is a 'dual' version of Lemma 7.5 (the meromorphic map goes the other way). PROOF. We continue with the notation of Lemma 7.5. Let j : Y--+ Z be the inclusion and g : Z --+ W, the homotopy equivalence. Then g* o j* : H2(Y) --+ H2 (W) is a monomorphism. This is established by induction on the number of connected components of C, using Lemma C.1 in Appendix C.
More precisely, let ' 1/J be the isomorphism provided by Lemma C.l. Since W is obtained from X by attaching 2-cells, the inclusion i: X--+ Z induces a monomorphism i*: H2(X)--+ H2(Z). Since j* o'l/J = i*, it follows that j* is injective, and so g* o j* is, too.
Hence, go j : Y --+ W satisfies condition (b) in Definition 7.2. We thus have the required meromorphic map Y ---+ X. D REMARK 7.8. Without the independence hypothesis, Y may have a larger second Betti number than either X or W. For example, if X= S 4 and C = S 1 , then w ~ S 2 v S 4 and y = S 2 X S 2 or y = S 2 X S 2 ~ ClP' 2 #ClP' 2 ' depending on the parity of the framing. Thus b2(X) = 0, b2(W) = 1, and b2(Y) = 2. COROLLARY 7.9. There exists a meromorphic map S 2 X S 2 --t S 2 X T 2 .
PROOF. Surgery on T 2 X S 2 along a pair of generators of 7fi (T 2 X S 2 ) = z X z yields S 2 x S 2 . An explicit verification of this fact is given in Corollary D.2. Alternatively, one readily sees that the surgery does not change the intersection form, and the resulting manifold is simply-connected. Hence it is certainly homotopy equivalent to S 2 X S 2 • Either way, Proposition 7. 7 applies, completing the proof. D
Pullback lemma for free metrics.
The following proposition allows us to propagate the phenomenon of freedom once we exhibit it for products of spheres. PROOF. Any map defining a homotopy equivalence is obviously a "meromorphic map" (here W = Y, i.e., the set of attached cells is empty). D Proposition 7.10 follows from the following lemma (cf. Lemma 6.1 of [2] ). Licensed Then the q-systolic freedom of Y implies that of X. Moreover, if X is a smooth manifold, the metrics exhibiting freedom may be chosen to be smooth.
The lemma is proved in Appendix B.
Systolic freedom in dimension 4
In this section, we show that orientable closed 4-manifolds are systolically free in the middle dimension.
In the simply-connected case, the first author, in collaboration with I. Babenko
[2], already reduced the problem to the case of 8 2 x 8 2 • Here we notice that 8 2 x 8 2 admits a meromorphic map to 8 2 x T 2 (see Corollary 7.9), and so its middle-dimensional freedom results from that of 8 2 x T 2 (see Lemma 6.3).
Systolic freedom modulo torsion.
Prior to proving Theorem 1.1 of the Introduction, we establish freedom modulo torsion for an arbitrary simplicial complex of dimension 4, as follows.
THEOREM 8.1. Every compact, triangulable 4-dimensional CW-complex X is 2 -systolically free (modulo torsion).
PROOF. The map X--+ K('l}, 2) of Lemma 4.1, followed by a homotopy equivalence K('Z},2) ~ (CJP>CXlYb gives a map i : X --+ (CJP>ooyb. Up to homotopy, we may assume that the image of i lies in the 4-skeleton Kb = K(zb, 2)( 4 ). By construction, the map i induces an isomorphism in 2-dimensional homology with integer coefficients. By Lemma B.2, the systolic freedom of X reduces to that of the 4-dimensional complex Kb.
The map to Kb constructed in the proof of the theorem is only an isomorphism in rational 2-dimensional homology, so we have no control over areas of 2-cycles defining torsion classes.
The CW-complex Kb contains no 3-cells. Indeed, it is obtained from the bouquet Therefore, the freedom of Kb reduces to that of the closures of its 4-cells, by Lemma 5.1, since the isoperimetric inequality for small 1-cycles obviously holds for bouquets of spheres.
Each such closure is homeomorphic to either CJP> 2 or 8 2 x 8 2 . We are thus left with proving the systolic freedom of these two manifolds.
The freedom of ClP' 2 reduces to that of the product of spheres as follows. Notice that there is a degree 4 map from ClP' 2 toP= PROOF. This is immediate from the theorem. 0
Note that the manifold X in the above corollary may be non-orientable.
Orientable case.
We now establish the systolic 2-freedom of orientable 4-manifolds.
PROOF OF THEOREM 1.1. Let X be a compact, orientable, smooth 4-manifold. By Corollary 7.6 and Proposition 7.10, the freedom of X reduces to that of a simply-connected manifold Y. Since Y is simply-connected, the group H2(Y; Z) is free abelian. Hence the 2-freedom of Y follows from Theorem 8.1. induces an isomorphism in 2-dimensional homology, whether with integer or mod 2 coefficients. Therefore the problem is further reduced to the freedom over Z2 of this Eilenberg-MacLane space. The long cylinder construction of Appendix B works equally well with Z2-coefficients. Thus we may carve up the space K(7r2(X), 2) as above to reduce the problem to CJP> 2 and S 2 x S 2 .
The reduction of CJP> 2 to S 2 X S 2 as in the proof of Theorem 8.1 does not work here, as the map H2(CJP> 2 ; Z2) __, H2(S 2 U[e,e] D 4 ; Z2) is not injective. 0
Systolic 2-freedom in arbitrary dimension
The absence of odd cells in a suitable decomposition of the Eilenberg-MacLane space K(Z, 2) = CJP> 00 is the key to the proof of Theorem 8.1.
The method employed in that proof can be used to improve Theorem 1.6 for m = 2. We illustrate this by reducing the systolic 2-freedom of all manifolds X with torsion-free H 2 (X, Z) to that of a particularly simple list of manifolds. THEOREM 9.1. The following two statements are equivalent: (i) All compact, smooth manifolds X with torsion-free H 2 (X) are 2-systolically free;
(ii) For each n 2: 2, the manifold CJP>n is 2-systolically free.
PROOF. The 2-freedom of each projective space would imply that of the product of arbitrarily many factors, as in Lemma 4.5. The 2-freedom of a product of several copies of CJP> 1 follows from Corollary 7.9. But each cell closure in the standard simplicial structure of K(zb, 2) is such a product, proving that any finite skeleton would also be 2-free. We map X to K(zb, 2) as in Here we rely upon the existence of self-maps inducing the zero homomorphism in every given homotopy group of the sphere. Indeed, according to D . Sullivan [26] , a self-map of sm of degree d induces a nilpotent map in the d-torsion of 7rj(Sm), for every j > 0.
Now if m does not divide n, then-skeleton of (Smyb coincides with the (n-1)skeleton, in which case we actually get (singular) metrics on X of vanishing nvolume.
If m divides n, then-skeleton of (Smyb contains no (n-1)-cells, and we use the carving-up procedure of §5 to reduce to products of spheres. 0
Appendix A. Systoles of complementary dimensions
To describe phenomena along the lines of Gromov's example, it is convenient to introduce the following terminology.
where the infimum is taken over all metrics g on X.
We present a proof of (1, n -1)-freedom, originally obtained by the first author in collaboration with I. Babenko in [2] . THEOREM A.2. Every compact, orientable, smooth manifold of dimension n;::: 3 is (1,n -1)-free.
PROOF. We obtain systolically free families of metrics on the manifold xn by a direct geometric construction. The idea is to introduce a local version of Gromov's example (cf. §3.2), i.e., a metric on a manifold with boundary which can be glued into any manifold to ensure systolic freedom. Here the matrix of Gromov's example:
for a given j, is replaced by the matrix
where the coefficient x varies between 0 and j.
Let C be a union of closed curves which form a basis for H1 (X; Q). Its tubular neighborhood is diffeomorphic to c X nn-l. Let K c nn-l be a codimension 2 submanifold with trivial normal bundle (e.g., the (n-3)-sphere). The boundary of a tubular neighborhood of C x K is diffeomorphic to the hypersurface I; :
where T 1 is a circle. Our construction is local in a neighborhood of I;, Choose a fixed metric on X satisfying the following four properties:
1. It is a direct product in a neighborhood of~-2. The hypersurface ~ is a metric direct product of the three factors C, K, and TI. 3. Each connected component of C is a circle of length 1.
The circle T 1 has length 1.
We now cut X open along~ and insert suitable 'cylinders' ~xI, indexed by j E N, resulting in a sequence of metrics gj on X. These 'cylinders' are not metric products. They have the following properties.
5. The projection ~ x I --. I is a Riemannian submersion over an interval
where the interesting behavior is exhibited when j grows without bound. 6 . The metric at the endpoints 0 and 2j agrees with that of~-7. The (n-3)-dimensional manifold K has a fixed metric independent of j, and is a direct summand in a metric product.
For integer values of x E I, each connected component of C x T 1 x {x} is
isometric to a standard unit square torus.
The metric on
in the sense that C x T 1 x { x} and C x T 1 x {2j-x} have identical metrics. Now let N be a non-trivial (n-1)-cycle of X. By Poincare duality, the cycle N has non-zero intersection number with one of the connected components, Ci, of C. Hence N induces a non-trivial relative cycle in a neighborhood of Ci. From now on we will denote this component by C.
Note that the volume of (X,gj) grows linearly in j. We will obtain a lower bound for the ( n -1 )-volume of N, and therefore for the ( n-1 )-systole of gj, which grows faster than the volume of 9j· Meanwhile, the 1-systole is bounded from below uniformly in j. The theorem now follows from the properties of suitable metrics on T 2 xI constructed below.
Our technique is calibration by the ( n -1 )-form a 1\ J-L K = *dz 1\ J-L K, where J-L K is the volume form of K. Here the 2-form a = *dz provides the lower bound for the area of the relative 2-cycle Min Lemma A.3 below. D
The metric on C x T 1 x [0, 2j] is not a direct sum. Consider the subinterval [0, j] C [0, 2j]. Then C x T 1 x [0, j] can be thought of as a fundamental domain for a j-fold cover of a non-trivial torus bundle over the circle, defining either the NIL or SOL geometries (used in [4] and [23] , respectively). We will present a description valid for both approaches.
What makes these metrics systolically interesting are the following properties. (c) a(e1, e2) = la(p)l for every p EM, where (e1, e2) is an orthonormal basis of TpM (i.e., the 2-form is maximal in the direction tangent to M).
(d) The 2-form ¢(x)a is closed, for any function¢.
More specifically, we have the following. The curve C is the projection of the z-axis. Set a = *dz, the Hodge star of the coordinate 1-form dz, for the metric gj. With respect to the metric g 1 , the forms dx, dy, and dz-xdy form an orthonormal basis ofT(* )Y. We will need the following calculation of the pointwise norm For the inequalities involving systoles of complementary dimensions k and n-k, the existing results on freedom depend on the divisibility of k by 4. THEOREM A .5 ([2] ). Let xn be a compact, orientable, smooth n-dimensional manifold. Assume X is (k -!)-connected, where k < I and k is not divisible by 4.
Then X is (k, n-k)-systolically free.
Appendix B. Freedom pulled back
Our main goal here is to prove Lemma 7.12, which follows from the three lemmas below. PROOF. Here the volume of an n-dimensional triangulable complex is by definition the sum of volumes of all cells of maximal dimension.
The idea is to insert a long k-dimensional cylinder in such a way that a qcycle of volume comparable to the q-systole of Y would necessarily have a 'narrow place' somewhere along the cylinder, by virtue of the coarea inequality. We cut the cycle into two pieces at the narrow place, and fill the cut with a small q-chain (using the isoperimetric inequality for small ( q-1 )-cycles) to make both pieces into cycles. The lemma now follows from the fact that the cylinder, being of positive codimension, does not contribute to top-dimensional volume.
By the 'long cylinder' metric we mean the following. Let I= [0,£], with£» 1 to be determined. Let S = Im(f) be the image of the attaching map. We may assume that S is a sub complex of Y.
Let Cyl 1 = Y Ufx{O} (Sk-l x I) be the mapping cylinder of f and CJ Cyl 1 U;d x {I'} Dk the mapping cone, where Dk is a cell of dimension k :::; n -1.
Let g be a metric on Y. By scaling, we may assume that sysq (g) ~ 1.
Let h0 be the restriction of g to S c Y. Let (Sk-1 , hi) be a round sphere of sufficiently large radius r ~ 1 so that the triangulable map f : (sk-l, hi) ---> (S, ho) is distance-decreasing, or roughly, h1 ~ h0 . Let Dk be a round hemisphere of the same radius as (sk-l, hi).
We endow the cylinder sk-l x I with the metric (1x)ho + xh1 + dx 2 for 0 :::; x :::; 1 and h1 + dx 2 for 1 :::; x :::; £. We thus obtain a metric on the complex W = CJ. Denote the resulting metric space by W(g,£).
Note that mapping cylinder Cyl 1 C W(g,£) admits a distance-decreasing projection to (Y, gi) by construction.
Let p : W(g, £) ---> I be the map extending to W the projection to the second factor sk-l x I ---> I on the cylinder, while p(Y) = 0 and p(Dk) = £. Let z be a q-cycle in w. The complex w is not a manifold, but its subspace sk-l X I is a manifold and we can apply the coarea inequality just in this part of W. We obtain the inequality volq(z) ~ f 1 1' volq-1 (z np-1 (x))dx. Hence we can find a regular value xo E I such that the ( q -1 )-cycle c = z n p-1 ( x0) satisfies (2) volq-l(c) = volq-1(z np-1 (xo)):::; £~1 volq(z).
Note that in the case q = k-1, the cycle cis empty. Let us now show that if Y admits a systolically free sequence of metrics gj, then so does W. (Note that we are not assuming that the inclusion of Y in c 1 induces a surjective map in q-dimensional homology.)
Choose C = C(j) ~ sysq(9J) ~ 1. We would like to show that the q-volume of non-trivial q-cycles in W(gj,C) is comparable to sysq(gj). Suppose, on the contrary, that a sequence of cycles Zj in W(gj, C) satisfies volq(zj) = o(sysq(9J)).
Letting CJ = Zj n p-1 (x0 ), for suitable x0 depending on j as in (2), we obtain limj_,00 volq-1 ( Cj) = 0.
We now appeal to the isoperimetric inequality for small cycles ( cf. [12] , Sub- In other words, the ( q-1 )-cycle Cj can be filled by a chain whose volume also tends to 0. Clearly, the constant K in the inequality can be chosen independent of the radius PROOF. Choose a simplicial structure on W. By the cellular approximation theorem, a continuous map from X toW is homotopic to a simplicial map. As in [1] , we can replace it by a map which has the following property with respect to suitable triangulations of X and W: on each simplex of X, it is either a diffeomorphism onto its image or the collapse onto a wall of positive codimension. Let p be the maximal number of n-simplices of X mapping diffeomorphically to an n-simplex of W. Since cells of dimension ::::; (n-1) do not contribute ton-dimensional volume, the pullback of the metric on W is a positive quadratic form on X whose n-volume is at most p times that of W. This form is piecewise smooth and satisfies natural compatibility conditions along the common face of each pair of simplices. D LEMMA B.3. If a smooth compact n-manifold X admits systolically free piecewise smooth metrics, then it also admits systolically free smooth metrics.
PROOF. To construct a smooth metric from a piecewise smooth one, we proceed as in [1] . Given a piecewise smooth metric g, compatible along the common face of each pair of adjacent simplices, we choose a smooth metric h on X such that h > g at every point (in the sense of lengths of all tangent vectors). Let N be a regular neighborhood of small volume of the ( n -1 )-skeleton of the triangulation. Choose an open cover of X consisting of N and the interiors Ui of all n-simplices. Using a License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms partition of unity subordinate to this cover, we patch together the metrics glu, and hiN· The new metric dominates g for each tangent vector toM. In particular, the volume of a cycle is not decreased. Meanwhile, n-dimensional volume is increased no more than the volume of the regular neighborhood.
The piecewise smooth metric on X may a priori not be compatible with its smooth structure, since the triangulation may not be smooth. To clarify this point, denote the triangulation by s, and the piecewise smooth metric by g. Consider a smooth triangulation s', and approximate the identity map of X by a map ¢, simplicial with respect to s' and s. The pullback metric g' =¢*(g) is then adapted to the smooth triangulation s', so we may apply to it the argument with the regular neighborhood N.
We have thus obtained a smooth positive form on X. We make it definite without significantly increasing its volume by adding a small multiple of a positive definite form. The lower bounds for the q-systole are immediate from the injectivity ~~m~x-woo~.
o We now establish the systolic freedom of a model space by a 'long cylinder' argument. LEMMA B.4. Let X and Y be q-systolically free n-complexes, and let S be an (n-2)-complex which is simultaneously a subcomplex of X(n-2 ) and y(n-2 ). Let I be an interval. Then the complex w =Xu (S X I) u y is also q-systolically free.
PROOF. Let E > 0, and let (X, g) and (Y, h) be metrics satisfying vol(g)* vol(h)* --"'-'-.,---< E and < E.
sysq(g) sysq(h)
We will construct a metric on M satisfying a similar inequality for 2t:. For this purpose, assume that g and h are scaled to the same value of the q-systole. Let f.1 be a metric on S dominating both (the pullbacks of) g and h. Let
We define a metric on W to be equal to 11 EB dt 2 , when t E [1, f!-1] c I.
Near the extremities of I, we patch the metric to make a continuous transition tog and h, as in the proof of Lemma B.l. The systolic freedom of W follows by applying the coarea inequality as before. Namely, a non-trivial q-cycle in W can be cut at a narrow place and decomposed, by filling the cut, into two pieces, one of which admits a distance-decreasing projection to (X, g), and the other to (Y, h).
One of the pieces must be non-trivial (since they add up to a non-trivial cycle), hence bounded below by sysq(X) = sysq(Y). The contribution from the filling cycle is negligible by the isoperimetric inequality for small cycles. 0
Appendix C. A Mayer-Viet oris argument
LEMMA C.l. Let X be a closed, orientable, smooth 4-manifold. Let C c X be a smoothly embedded closed curve in X, representing an element in the torsion-free part of H1 (X). Let Y be the result of surgery along C. Let Z be the cobordism determined by the surgery, and let i : X -Z and j : Y -Z be the inclusions.
There is then an isomorphism 'ljJ: H2 (X)-H2 (Y) such that j* o 'ljJ = i*. H3(X) !..._. H2(S 1 x S 2 )---+ H2(X_) EB H2(X+) (i,; ,i,t) H2(X)---+ H1(S 1 x S 2 ) k:;+k,t HI(X_) EB H1(X+) (i,;,i,t) H1(X)---+ 0.
We have: H2(X_) = 0, the map 8 is surjective (under Poincare duality and universal coefficients, it is the dual of k* : H1 (S 1 ) ---+ H1 (X), which is injective), and k; + kt is injective, with image H1(X_). Thus, the maps it: H1(X+)---+ H1(X)
and it : H2(X+) ---+ H2(X) are isomorphisms. We have: H 1 (D 2 x S 2 ) = 0, the map£* : H2(S 1 x S 2 ) ---+ H2(D 2 x S 2 ) is an isomorphism, and kt : HI(S 1 x S 2 ) ---+ H1(X+) is injective (since k* is injective, it is an isomorphism, and ito kt = k*). Thus, jt : H2(X+) ---+ H2(Y) is an isomorphism. The desired isomorphism is obtained by combining the two isomorphisms above: Let Mn be a compact, simply-connected, smooth manifold of dimension n :2 3.
The result of performing surgery on S 1 x M along S 1 x * is called the spin of M.
There is a choice offraming involved in the surgery, corresponding to 1r1(SO(n)) = Z 2 . The spin obtained by surgery with trivial framing is denoted by a(M); the 'twisted' spin, by a'(M).
Note that a(M) = 8(D 2 x Mo), where Mo = Mn \int Dn is a punctured copy of M. Indeed, a(M) = S 1 X Mn\ (S 1 X int vn)uD 2 X sn-1 = S 1 X Mo UD 2 X sn-l = 8D 2 X Mo U D 2 X 8Mo = 8(D 2 X M 0 ).
If M admits an effective circle action with non-empty fixed point set, then it is easily shown that a'(M) ~ a(M). In general, though, the two spins of M are not even homotopy equivalent. PROOF. We have 0"(8 1 x sn-1 ) =oW, where W = D 2 x (S 1 X sn-1 )o. The manifold W admits a handle decomposition W = Dn+ 2 U h 1 U h"-1 , where the attaching spheres form a trivial link S 0 U sn-2 c S"+ 1 . Thus, W can be identified with the boundary connected sum (Dn+ 2 uh 1 )~(Dn+ 2 uhn-1 ) ~ S 1 x Dn+l~sn-1 x D 3 . Passing to boundaries, we obtain
Rotation in the second factor of S 1 X sn-1 provides a circle action with nonempty fixed point set. Thus, 0" 1 (8 1 X sn-1 ) ~ 0"(8 1 X sn-1 ). D COROLLARY D.2. The manifold 8 2 X sn-1 is obtained from 8 1 X S 1 X sn-1 by performing surgery along the curves /'1 = S 1 X * X * and /'2 = * X S 1 X *.
PROOF. First consider the case where both surgeries are done with trivial framing. Surgery along /'1 yields the spin 0"(8 1 X sn-1 ). Under the diffeomorphism in (3), the image of the curve 1'2 on the left side corresponds to the curve S 1 x * in the factor S 1 X sn on the right side. Surgery on S 1 X sn along S 1 X * yields O"(Sn) = sn+I, and the corollary follows.
The other cases are similar. It suffices to note that sn admits an effective circle action with fixed points, and so 0" 1 (S") ~ O"(Sn). D
Appendix E. Whitehead products and Hilton's theorem
The product of two spheres decomposes asS~ x Si = (S~ V Si) UJ ei+1, where f : Si+1-1 ---> Si V SJ is the attaching map of the top cell, so that [f] = 0 in 'lri+j-1 (Si x S1). This decomposition defines a Z-bilinear pairing on the homotopy groups of an arbitrary space X. Here the element [a, b] in the case of our bouquet is defined by the map f. More precisely, if n E 7r;(X) and
(3 E 7rj(X), then [n, (3] is the obstruction to extending the map a V b: Si V S1 --->X to the whole of Si x S1, where a and b are arbitrary representatives of n and (3. The above operation, which generalizes the usual commutator map in 1r1, is called the Whitehead product. It is natural with respect to continuous maps, and satisfies identities analogous to the Lie bracket. See [28] for more details. THEOREM E.l (Hilton [18] ). The first unstable homotopy group of a bouquet of spheres is given by: License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms
